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Introduction
The goal of this work is to show existence of 2´ n-shifted symplec-
tic structures on derived Quot-stacks of coherent sheaves on Calabi–
Yau manifolds of dimension n. To justify the effort we would like to
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note that there are several, inequivalent definitions of moduli spaces of
sheaves on manifolds (and in particular on Calabi–Yau manifolds).
We are especially interested in the Calabi–Yau cases in part because
the corresponding moduli spaces carry shifted symplectic structures.
These structures, that were introduced in the celebrated work of Pan-
tev, Toe¨n, Vaquie´ and Vezzosi in [22], provide a very fruitful approach
to investigate dualities, and in particular to connect algebraic geometry
with gauge theory. In fact, this paper grew out of a wish to provide
explicit examples for the construction of Lagrangian distributions and
global shifted potentials in the case of moduli spaces of sheaves on
Calabi–Yau four-folds, relating SUp4q- and Spinp7q-connections [5].
In [30] it was shown that the moduli stack of perfect objects in the
dg category of quasi-coherent sheaves on a Calabi–Yau n-fold X carries
a 2 ´ n-shifted symplectic structure. This moduli stack is defined by
taking the mapping spaces from the dg category of perfect complexes
on X to the dg categories of perfect complexes on the varying test
derived schemes.
We are interested in this stack mostly because of this existence re-
sult. The stack itself heavily uses homotopical algebra of dg categories,
made complicated by the lack of monoidal model structure, which ne-
cessitated the corresponding theory of bi-modules in [28].
A much more manageable definition of the moduli stack of sheaves
was given in [7]. Although lying somewhat outside of the general frame-
work of derived geometry, as developed by Toe¨n and Vezzosi, this defi-
nition has the undoubtable advantage of being extraordinarily explicit.
Indeed, not only the resulting moduli stack is given as a quotient of
a derived scheme (the derived Quot-scheme) by an action of GLpmq for
a suitable m P N, but the derived Quot-scheme itself can be explicitly
written in terms of generators and relations. Both of these properties
are very important for understanding the resulting shifted symplectic
geometry, and especially for connecting it to gauge theory. However,
the authors are not aware of a proved theorem stating the existence
of shifted symplectic structures on moduli spaces defined according to
[7]. The novelty of the current work is filling this gap.
Our strategy is simple: we construct a morphism of stacks from the
one according to [7] to the one according to [30] and show that this
morphism is formally e´tale. It is well known that tangent complexes
on both sides are weakly equivalent to the complexes of derived endo-
morphisms of the corresponding sheaves, so it is expected that such a
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formally e´tale morphism exists. However, one still needs to come up
with some morphism, and to show that it is formally e´tale.
We construct the morphism by using a middle step, which is probably
the most natural definition of the moduli stack one could think about.
Namely we associate to a varying test derived scheme the nerve of the
category of perfect complexes on the product of X and this test derived
scheme. There is a natural morphism from this stack to that of [30],
and, although we believe it not to be an equivalence, it is easy to show
that this morphism is formally e´tale. We show slightly more: over
every test derived scheme this morphism defines an inclusion of a set
of connected components.
Once this is done, we connect the stack from [7] to this middle step.
Here the main trick is not to show formal e´taleness, but just to con-
struct any morphism. Indeed, the middle step uses the abstract general
approach of associating some nerve to a varying derived scheme, while
the derived Quot-scheme is a very concrete object, given in terms of
generators and relations. How can one associate to this object a func-
tor valued in simplicial sets, and moreover to relate it to other such
functors?
There is of course the obvious definition that uses the abstract ho-
motopical algebra. Here we start with the category of derived schemes
and take the derived functor of inverting weak equivalences, a process
known as simplicial localization and developed in [10]. The result is a
category enriched in simplicial sets and correspondingly representable
functors become valued in simplicial sets.
Having obtained a moduli functor from the derived Quot-scheme we
would like to connect it to the middle step. Localization according
to [10] is too abstract general to be of any use, but fortunately the
hammock localization from [11] is good enough for our purposes. Recall
that a 0-simplex in the simplicial localization is given in terms of a
long zigzag of morphisms, i.e. it is the first step in a formal inversion of
weak equivalences. Hammocks organize such zigzags into rectangular
diagrams (that resemble hammocks), where the horizontal strains are
the zigzags an vertical connecting maps are weak equivalences.
In [11] it is proved that the simple simplicial combinatorics of ham-
mocks computes the intractable simplicial sets of the simplicial localiza-
tion. In this paper we use this in conjunction with sheaves of modules.
If we try to move a sheaf from the right to the left along a given zigzag,
we pull back along morphisms that point in the “right” direction and
push forward along the weak equivalences that point the opposite way.
4 SHIFTED SYMPLECTIC STRUCTURES ON DERIVED QUOT-STACKS
If we want to connect two such processes we take a hammock with
2 strains and constantly alternate between them using the connecting
weak equivalences. That is to say, we are led to pulling back and
pushing forward along the same morphism (a weak equivalence), which
gives us a connecting natural transformation. Composing all of them
we obtain a weak equivalence between the results of moving along the
two zigzags. This gives us a morphism from the stack represented by
the derived Quot-scheme to the stack in the middle step. Then it is
easy to show that this morphism is formally e´tale.
The authors are aware of an attempt by a student of B.Toe¨n (Jan
Gorski) to develop a theory of derived Quot-schemes along the lines
of the work of Toe¨n and Vezzosi. However, it seems the thesis was
never finished, and in any case it was unavailable. A somewhat related
approach was used in [2] and [20, Proposition 6.12 and Remark 6.13
o].
Here is the contents of the paper. In Section 1 we recall the con-
struction of the moduli stack from [30] and in Section 2 we relate it
to the middle step, given by the simple definition of perfect complexes
with parameters.
In Section 3 we recall the definition of derived Quot-schemes and try
to be as detailed as possible. Then we use the hammock localization to
map Quot-schemes into the moduli functors of Section 2, showing that
these morphisms factor through actions of the corresponding general
linear groups.
Finally in Section 4 we show that all these morphisms of stacks are
formally e´tale, thus inducing shifted symplectic structures on derived
Quot-stacks of sheaves on Calabi–Yau manifolds.
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1. The Toe¨n-Vaquie´ construction
In this section we recall the definition of moduli functors of perfect
complexes as developed in [30]. First we collect the necessary facts
concerning dg categories of unbounded complexes of quasi-coherent
sheaves on schemes, and then we describe the moduli functors in terms
of dg endomorphism rings of a compact generators.
1.1. Categories of quasi-coherent sheaves and generators. Let
X be a scheme over C, and let QCohpX q be the category of quasi-
coherent sheaves on X . If X is quasi-compact and quasi-separated,
QCohpX q is a Grothendieck abelian category ([27] p. 410).1 Let QCoh‚pX q
be the dg category of unbounded cochain complexes of quasi-coherent
sheaves on X .
There is a proper, cellular (in particular cofibrantly generated) model
structure on QCoh‚pX q, where weak equivalences and cofibrations are
quasi-isomorphisms and monomorphisms ([1], Prop. 3.13, [8] Thm. 2.1).
This model category is obviously stable. We would like to substitute
QCoh‚pX q with a Quillen equivalent dg category, which is a category
of dg modules over some dg ring.
If X is quasi-compact and separated, QCoh‚pX q has a compact gen-
erator G ([3] Thm. 3.1.1, 3.1.3).2 We denote A‚ :“ RHompG,Gq. Then
RHompG,´q defines a weak equivalence (in the category dgCat of dif-
ferential graded categories, see [26])
QCoh‚pX q»A‚´Modr
(e.g. [17] §3.6, The Stacks Project Thm. 35.17.3). Here A‚´Modr is the
dg category of unbounded right dg A‚-modules. We equip it with the
projective model structure, given by quasi-isomorphisms and degree-
wise surjections as weak equivalences and fibrations (e.g. [17] Thm.
3.2). The cochain complexes of morphisms in QCoh‚pX q, A‚´Modr
1In fact this is true for all schemes: Gabber’s theorem, The Stacks Project Prop.
27.23.4.
2Here compact means that the corresponding object in the triangulated homo-
topy category is compact.
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are not always correct. Following [30] §3.5, we denote by
(1) LpX q Ď QCoh‚pX q, xA‚ Ď A‚´Modr
the full dg subcategories consisting of objects that are simultaneously
fibrant and cofibrant. The inclusions (1) are obviously weak equiva-
lences in dgCat, hence LpX q and xA‚ are weakly equivalent.
Recall (e.g. [30] Def. 2.1) that an object in a model category is ho-
motopically of finite presentation, if the corresponding representable
functor commutes with homotopy colimits. An object of A‚´Modr is
perfect, if it is homotopically of finite presentation (e.g. [30] Def. 2.3).
Notice that the property of being perfect is invariant with respect to
weak equivalences, and weakly equivalent dg categories have weakly
equivalent dg subcategories of perfect objects.
The moduli functor of perfect complexes on X should be the moduli
functor of perfect objects in xA‚ or equivalently in LpX q. We will denote
the full subcategories of perfect objects by LpX qpe Ď LpX q,
xA‚pe Ď xA‚.
1.2. The moduli functor. Let SAlgC be the category of simplicial
commutative unital C-algebras. In other words SAlgC is the category
of functors from ∆op to the category of associative commutative unital
C-algebras.3 The opposite category will be denoted by DAffC, and
called the category of affine derived schemes over C. For an object
C‚ P SAlgC
C‚ “ tCn, tBi : Cn`1 Ñ Cnu
n`1
i“0 , tσj : Cn Ñ Cn`1u
n
j“0uně0
the corresponding object in DAffC will be denoted by SpecpC‚q.
We consider SAlgC equipped with the standard simplicial model
structure from [23], and DAffC with the corresponding opposite model
structure. As in [30] §2.3 we consider SAlgC together with the e´tale
topology, and obtain the category DStC of geometric derived stacks on
SAlgC. Since our dg modules are unbounded, to define the stack of
perfect objects in a given dg category it is useful to switch from SAlgC
to the category DAlgC of differential Zď0-graded C-algebras. An object
in DAlgC will be denoted by
C‚ “ pC˚, δq, C˚ “
à
nď0
Cn, δ : Cn Ñ Cn`1.
We consider DAlgC equipped with the projective model structure, and
then Dold–Kan correspondence induces a Quillen equivalence between
3We do not require 1 ‰ 0, and hence allow t0u as a C-algebra. We do require
morphisms of unital algebras to preserve the unit.
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SAlgC and DAlgC ([25] page 289). Correspondingly we have a Quillen
equivalence between DAffC and pDAlgCq
op, and hence we will call ob-
jects of pDAlgCq
op derived affine schemes as well, and denote them
SpecpC‚q. Instead of defining the moduli functor on DAffC we will do
it on pDAlgCq
op.
Given C‚ P DAlgC we have the category C
‚´Modr of unbounded
(right) dg C‚-modules.4 As before we equip it with the projective
model structure, and hence obtain the full subcategory xC‚ Ď C‚´Modr
consisting of cofibrant dg modules (all objects in C‚´Modr are fibrant).
As before the full subcategory of xC‚ consisting of perfect objects will
be denoted by xC‚pe.
Definition 1. ([30] p. 418) Let X be a scheme over C. The moduli
functor of perfect complexes on X is
MLpX qpe : pDAffCq
op ÝÑ SSet C‚ ✤ // MapdgCatpLpX qpe,
xC‚peq,
where MapdgCat is the mapping space bi-functor constructed using the
model structure on dgCat (e.g. [15] §5.4).
If X is smooth and proper over C, MLpX qpe is a locally geometric
stack, locally of finite type ([30] Cor. 3.29). As in [30] we can ap-
ply this definition not just to LpX qpe but to any dg category over C.
Substituting LpX qpe with a weakly equivalent dg category produces a
weakly equivalent moduli functor. Hence, in case X is quasi-compact
and separated, we can reformulate MLpX qpe as follows:
MLpX qpe »MxA‚pe : C‚ ✤ // MapdgCatpxA‚pe,xC‚peq.
Viewing A‚ as a dg category with a single object we can identify it
with the full subcategory of xA‚ consisting of A‚ considered as a right
dg module over itself. In other words this is the covariant Yoneda
embedding A‚ ãÑ xA‚. Clearly it factors through xA‚pe. From [30]
Lemma 3.3 we know that, pulling back over this embedding, we obtain
a weak equivalence of stacks
(2) MxA‚pe »MA‚ : C‚ ✤ // MapdgCatpA‚,xC‚peq.
The functor MA‚ is the moduli functor we are interested in. In what
follows we will write A‚ to denote the dg ring of endomorphisms of a
4As C‚ is (graded) commutative there is a natural equivalence between the cat-
egories of left and right dg C‚-modules. However, in order to keep our notation
similar to [28] we distinguish between left and right C‚-modules.
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compact generator in some QCoh‚pX q, with X being quasi-compact
and separated.
2. Perfect complexes with parameters
In this section we consider another natural definition of a moduli
functor of perfect complexes on a scheme. Roughly this functor asso-
ciates to a dg C-algebra C‚ the nerve of the category of weak equiva-
lences between dg A‚ bC‚-modules, that are perfect and flat over C‚.
As before A‚ is the dg ring of endomorphisms of a compact generator
in some QCoh‚pX q.
To connect this functor to the moduli functor from Section 1.2 we
use the theorem on dg categorical bi-modules from [28], and hence we
start with recalling this theorem.
2.1. Toe¨n’s theorem on bimodules. Given a dg category C over
C, the category of C-modules is defined as the category of dg functors
HomdgCatpC, 1q, where 1 is the dg category of unbounded dg vector
spaces over C. For example
A‚´Modl :“ HomdgCatpA
‚, 1q, A‚´Modr :“ HomdgCatppA
‚qop, 1q
are the categories of left and right dg A‚-modules respectively. We
denote by
MpA‚,xC‚peq Ď HomdgCatpA‚ b pxC‚peqop, 1q
the subcategory of weak equivalences between dg functors, s.t. the cor-
responding functors pxC‚peqop Ñ 1, obtained by pre-composing with
Cb pxC‚peqop ãÑ A‚ b pxC‚peqop,
are cofibrant (in the projective model structure on HomdgCatppxC‚peqop, 1q)
and are weakly equivalent to representable functors.
By definition MpA‚,xC‚peq is not a dg category, but just a category.
We can use its nerve to define a moduli functor. We have the following
fact.
Proposition 1. ([28] Thm. 4.2) Let MA‚ be the moduli functor as
defined in Section 1.2. There is a natural weak equivalence of functors
MA‚ »MA‚ : C
‚ ✤ // N pMpA‚,xC‚peqq, 5
where N p´q stands for the nerve construction.
5Functoriality of MA‚pC
‚q in C‚ is discussed in [28] pp. 637-638.
SHIFTED SYMPLECTIC STRUCTURES ON DERIVED QUOT-STACKS 9
The category HomdgCatpA
‚ b pxC‚peqop, 1q can be viewed as the cate-
gory of A‚-xC‚pe-bimodules, and it would have been the usual category
of A‚-C‚-bimodules, if we used pC‚qop instead of pxC‚peqop. Pulling back
over the inclusion
A‚ b pC‚qop ãÑ A‚ b pxC‚peqop
and taking the left (enriched) Kan extension we have an adjunction
(3) HomdgCatpA
‚ b pC‚qop, 1q Ô HomdgCatpA
‚ b pxC‚peqop, 1q
with the right adjoint clearly preserving weak equivalences and fibra-
tions (in the projective model structures). So this is a Quillen adjunc-
tion. Since b is a closed monoidal structure on dgCat ([28] p. 631) we
see that (3) comes from the adjunction
(4) HomdgCatppC
‚qop, 1q Ô HomdgCatppxC‚peqop, 1q,
which is a Quillen equivalence ([28] Lemma 7.5). However, we cannot
conclude that (3) is a weak equivalence in dgCat. The reason is that
pdgCat,bq is not a monoidal model category ([28] p. 631). In particu-
lar HomdgCat does not necessarily preserve weak equivalences between
cofibrant objects. Still we can use (3), (4) to connect MA‚ to another
natural definition of a moduli functor of perfect complexes.
2.2. The moduli functor. As before we denote by A‚ the dg ring of
endomorphisms of a compact generator in some QCoh‚pX q. In particu-
lar we assume that A‚ is perfect as a dg C-module and cofibrant in the
projective model structure on the category of dg C-algebras (implying
that it is also cofibrant as a dg category).
Definition 2. For any C‚ P DAlgC we denote by xA‚pC‚qwepe the category
of weak equivalences between cofibrant perfect dg A‚bpC‚qop-modules,
that are also cofibrant, when considered as only pC‚qop-modules. We
define a functor
(5) MA‚ : DAlgC ÝÑ SSet, C
‚ ÞÑ N pxA‚pC‚qwepe q,
where N p´q is the nerve construction and we use the fact that any
morphism A‚bpC‚qop Ñ A‚bpD‚qop defines a left Quillen functor from
A‚ b pC‚qop-modules to A‚ b pD‚qop-modules, that preserves perfect
objects.
As A‚ is a perfect dg C-module, every perfect dg A‚bpC‚qop-module
is also perfect, when considered as only a dg pC‚qop-module. Therefore,
since (4) is a Quillen equivalence, any perfect A‚ b pC‚qop-module is
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mapped by (3) to an object that is perfect, when restricted to pxC‚peqop,
that is, to a representable functor ([30] Cor. 2.9).
Since the left adjoint in (4) preserves cofibrations, we see that (3)
maps every dg A‚ b pC‚qop-module, that is cofibrant as a dg pC‚qop-
module, to a functor, that is cofibrant when restricted to pxC‚peqop.
Hence (3) defines a functor xA‚pC‚qwepe Ñ MpA‚,xC‚peq and we have a
natural transformation
(6) MA‚ ÝÑMA‚ .
In a subsequent section we would like to show that (6) is formally e´tale.
The following proposition will be important in proving that.
Proposition 2. For any C‚ P DAlgC the map MA‚pC
‚q Ñ MA‚pC
‚q
is weakly equivalent to an inclusion of a set of connected components.
Proof. We would like to use homotopy invariance of the nerve with
respect to simplicial localization ([10] §4.3). In the category of simpli-
cially enriched categories we take an almost free resolution
FpMpA‚,xC‚peqq »ÝÑMpA‚,xC‚peq
and then formally invert all morphisms in all simplicial dimensions
obtaining a simplicial groupoid GpMpA‚,xC‚peqq. Homotopy invariance
of the nerve means that the diagonal of the nerve of GpMpA‚,xC‚peqq
is naturally weakly equivalent to the nerve of MpA‚,xC‚peq.
Now we choose a representative in each weak equivalence class of ob-
jects ofMpA‚,xC‚peq and consider the corresponding full subcategory of
GpMpA‚,xC‚peqq. The inclusion of this full subcategory is clearly a weak
equivalence of simplicial categories, and so we see thatN pMpA‚,xC‚peqq
is weakly equivalent to a disjoint union of simplicial groups of homotopy
automorphisms of objects in MpA‚,xC‚peq.
Since the entire category of A‚ b pxC‚peqop-modules is a model cate-
gory, it admits homotopy calculus of fractions ([11] Prop. 8.4), hence
the simplicial groups of homotopy automorphisms of objects inMpA‚,xC‚peq
are weakly equivalent to simplicial groups of homotopy automorphisms
computed in the full category of A‚bpxC‚peqop-modules ([11] Cor. 6.4).
Using the model structure on HomdgCatpA
‚ b pxC‚peqop, 1q we can
compute simplicial sets of homotopy automorphisms there by framings,
i.e. by taking cosimplicial resolutions of certain kind (e.g. [15] Def.
5.2.7). The same is true for the category of A‚ b pC‚qop-modules, and
moreover the left adjoint in (3) preserves such resolutions.
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Finally we notice that A‚ b pC‚qop ãÑ A‚ b pC‚peq
op is a full and
faithful enriched functor. Therefore also the corresponding (enriched)
left Kan extension in (3) is full and faithful (e.g. [9] Prop. I.4.5). This
implies that (3) identifies simplicial sets of homotopy automorphisms
on the left side with those on the right side. 
3. Derived Quot schemes
Let pX ,OX p1qq be a smooth projective scheme. We choose a coherent
sheaf F on X and denote its Hilbert polynomial by hF . We choose
another polynomial h and consider all coherent sub-sheaves of F that
have h as their Hilbert polynomial. In other words we look at the family
of quotients of F having hF ´ h as Hilbert polynomial. This family
is bounded ([13] Thm. 2.1) and can be parameterized by a projective
scheme ([13] Thm. 3.2).
In this section we recall an explicit description of this projective
scheme and an augmentation of it to a derived scheme introduced in [7].
Then we connect the resulting derived scheme to the moduli functors
described in Sections 1.2 and 2.2.
Let SubpX ,F , hq be a scheme with the following properties: for any
scheme S let
π0 : X ˆ S Ñ X
be the projection, then the set of morphisms S Ñ SubpX ,F , hq is
naturally identified with the set of coherent sub-sheaves G ãÑ π´10 pFq,
s.t. π´10 pFq{G is flat over S and G has h as the Hilbert polynomial along
X . We will denote by rG the sub-sheaf of π´10 pFq over X ˆSubpX ,F , hq
corresponding to the identity morphism on SubpX ,F , hq.
There is r P N, s.t. @p ě r rGppq and π´10 pFqppq do not have higher
direct images on SubpX ,F , hq (e.g. [16] Thm. 1.33), in particular we
have an inclusion of vector bundles
pπ1q˚prGppqq ÝÑ pπ1q˚pπ´10 pFqppqq,
and the latter is a trivial bundle. For any q ě p we can do the same
for the sum of twists to obtain a morphism of bundles
(7)
à
pďiďq
pπ1q˚prGpiqqq ÝÑ à
pďiďq
pπ1q˚pπ
´1
0 pFqpiqq.
For any i P rp, qs we denote by Grphpiq, hFpiqq the Grassmannian of
hpiq-dimensional subspaces of a fixed hFpiq-dimensional space Wi :“
ΓpX ,Fpiqq. As we keep h and hF fixed, we suppress them from the
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notation, and write
Grrp,qs :“
ź
pďiďq
Grphpiq, hFpiqq.
Then (7) defines a map
(8) SubpX ,F , hq ÝÑ Grrp,qs
and for q " p " 0 this is a closed embedding ([7] Thm. 1.4.1). We would
like to give an explicit description of the image of this embedding,
enhancing SubpX ,F , hq to a derived scheme. The derived structure
comes from considering not only sub-sheaves of π´10 pFq but all A8-
submodules over the homogenous ring of X . We denote
A :“
à
iě1
ΓpX ,OX piqq, Aďs :“
à
1ďiďs
ΓpX ,OX piqq.
The tautological bundle on Grrp,qs restricted to SubpX ,F , hq is natu-
rally a module over the homogeneous ring of X . This ring is augmented,
hence to consider all possible A8-structures we work only with the aug-
mentation ideal A. As usual these A8-structures are given by sequences
of multi-linear maps of varying cohomological degrees, but the homo-
geneity gradings of A and of the tautological bundle remain unaffected.
Therefore, having restricted ourselves to homogeneity degrees rp, qs it
is natural to consider only Aďs, where s :“ q ´ p.
Enhancement of SubpX ,F , hq to a derived scheme will proceed in two
steps: first we describe the derived scheme (fibered over Grrp,qs) of all
possible A8-actions of Aďs on the tautological bundle on Grrp,qs, and
then we extract the closed derived sub-scheme describing those A8-
structures, that possess an A8-morphism into
À
pďiďq
pπ1q˚pπ
´1
0 pFqpiqq
extending the obvious inclusion of the tautological bundle.
3.1. Derived scheme of A8-structures. For each i P rp, qs let Vi be
the tautological bundle on Grphpiq, hFpiqq. Then
Vrp,qs :“
ð
pďiďq
Vi
is a vector bundle of finite rank on Grrp,qs. Denoting by pViq
1 the dual
bundle on Grphpiq, hF piqqwe have the dual bundle pVrp,qsq
1 :“
Ð
pďiďq
pViq
1.
Let Aďs be the trivial bundle on Grrp,qs with Aďs as the fiber. We define
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for each n P Zě1
B´n`1 :“
à
i,jPrp,qs,kě1
i“j`k
ˆ
Vj b
´ à
i1,...,ině1
i1`...`in“k
Ai1 b . . .b Ain
¯
b pViq
1
˙
,
where Ai is the sub-bundle of Aďs with the fiber ΓpX ,OX piqq. Notice
that B´n`1 “ t0u for n ą q´p. We assign cohomological degree ´n`1
to B´n`1 and hence obtain a non-positively graded bundle of finite rank
on Grrp,qs:
B‚ :“
à
1ďnďq´p
B´n`1.
The associative (and commutative) multiplication on A defines a dif-
ferential
@n ě 2 δA : B
´n`1 ÝÑ B´n`2, δA “
ÿ
1ďtďn´1
µt,
µt : VjbAi1b. . .bAinbpViq
1 Ñ VjbAi1b. . .bAit`it`1b. . .bAinbpViq
1.
Denoting by Sym‚pB‚q the graded symmetric algebra with unit gen-
erated by B‚ we obtain a sheaf of non-positively graded dg algebras
pSym‚pB‚q, δAq over Grrp,qs. We also have a quadratic differential, en-
coding the associativity of A8-structures on Vrp,qs. For each n ě 1 we
have
δV : B
´n`1 ÝÑ
à
m1,m2ě1
m1`m2“n
B´m1`1 b B´m2`1,
Vj b Ai1 b . . .b Ain b pViq
1 ÝÑ
Ñ
n´1à
t“1
´
VjbAi1b. . .bAitbpV
j`
tř
l“1
il
q1
¯
b
´
V
j`
tř
l“1
il
bAit`1b. . .bAinbpViq
1
¯
given by the elements of V
j`
tř
l“1
il
bpV
j`
tř
l“1
il
q1 corresponding to the iden-
tity automorphisms.
Proposition 3. ([7] Prop. 3.5.2) The derivation δA` δV on Sym
‚pB‚q
squares to 0 and the corresponding affine derived scheme fibered over
Grrp,qs, which we will denote by RAct, represents the functor of A8-
actions of Aďq´p on the tautological bundle Vrp,qs on Grrp,qs.
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3.2. Derived linearity locus. Let V rp,qs :“ Sym
‚pB‚q b Vrp,qs be the
pullback of Vrp,qs to RAct. By construction it carries an A8-action of
Aďq´p. Explicitly for any n ě 1 we have
(9) Vrp,qs b Aďq´p
bn ÝÑ B´n`1 b Vrp,qs Ď V rp,qs,
Vj b Ai1 b . . .b Ain Ñ
´
Vj b Ai1 b . . .b Ain b pV
j`
nř
t“1
it
q1
¯
b V
j`
nř
t“1
it
given by the element of V
j`
nř
t“1
it
b pV
j`
nř
t“1
it
q1 corresponding to the iden-
tity automorphism. On the other hand let Wrp,qs be the trivial bundle
on RAct having
À
pďiďq
Wi as the fiber. This bundle carries an A8-action
of Aďq´p since A is an associative algebra. We would like to describe
the dg scheme parameterizing all A8-morphisms from V rp,qs to Wrp,qs.
We define
C0 :“
à
jPrp,qs
Vj b pWjq
1,
@m ě 1 C´m :“
à
i,jPrp,qs,kě1
i“j`k
à
i1,...,imě1
i1`...`im“k
Vj b Ai1 b . . .Aim b pWiq
1.
We see that, ifm ą q´p, then C´m “ t0u. Denoting C‚ :“
À
0ďmďq´p
C´m
we construct a sheaf of non-positively graded finitely generated alge-
bras on Grrp,qs:
C :“ Sym‚Sym‚pB‚qpC
‚q “ Sym‚pB‚q b Sym‚pC‚q “ Sym‚
´
B‚ ‘ C‚
¯
.
There are 3 differentials on C.
(1) One is δA ` δV on Sym
‚pB‚q, it encodes the equations of all
possible A8-actions of Aďq´p on Vrp,qs.
(2) Another is δV that encodes the action of the A8-module struc-
ture on V rp,qs on the space of all possible A8-morphisms Vp,qs Ñ
Wrp,qs, i.e. it is given by (9). Explicitly @m ě 1
Vj b Ai1 b . . .Aim b pWiq
1 Ñ
Ñ
m´1à
t“1
ˆ
Vj b
´ â
1ďlďt
Ail
¯
bpV
j`
tř
l“1
il
q1
˙
bV
j`
tř
l“1
il
b
´ â
t`1ďlďm
Ail
¯
bpWiq
1.
(3) The third differential is δW , it encodes the Aďq´p-module struc-
ture on Wrp,qs, which is translated into an Aďq´p-module struc-
ture on the dual pWrp,qsq
1. Explicitly
Vj b
´ â
1ďlďm`1
Ail
¯
b pWiq
1 Ñ Vj b
´ â
1ďlďm
Ail
¯
b pWi`im`1q
1.
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The sum d :“ δA ` δV ` δV ` δW makes C into a sheaf of differen-
tial non-positively graded finitely generated algebras on Grrp,qs. The
corresponding spectrum is a derived scheme fibered over Grrp,qs that
parameterizes simultaneously all possible A8-actions of Aďq´p on Vrp,qs
and all possible A8-morphisms from V rp,qs to Wrp,qs.
We are interested only in those A8-morphism that extend the given
inclusion of Vrp,qs ãÑ Wrp,qs. This inclusion corresponds to a point
in HompVrp,qs,Wrp,qsq. In turn this point defines a maximal ideal in
Sym‚pC0q. Let m Ă C be the ideal generated by this maximal ideal, it
is clearly a dg ideal.
Proposition 4. ([7] Prop. 3.8.5, Thm. 4.3.2) The spectrum of pC{m, dq,
which we denote by DQuotX ,h, simultaneously parameterizes all A8-
actions of Arp,qs on Vrp,qs and all A8-morphisms
Vrp,qs ÝÑ Wrp,qs,
extending the given inclusion. The classical part π0pDQuotX ,hq of DQuotX ,h
is the image of SubpX ,F , hq Ñ Grrp,qs.
3.3. Relation to moduli functors. Let us choose a polynomial h
and consider coherent sheaves E on pX ,OX p1qq that have h as their
Hilbert polynomials. Let r " 0 be large enough, so that for any such
E and @j ě r Hą0pEpjqq “ t0u and
@i ě 0 Ai b ΓpX , Epjqq Ñ ΓpX , Epj ` iqq
is surjective (e.g. [33] Thm. 1.33). Following the standard procedure
(e.g. [16] §4.3) we choose a basis of ΓpX , Eprqq for each E to obtain
short exact sequences of coherent sheaves on X
(10) 0 ÝÑ G ÝÑ p
à
1ďiďm
OX qp´rq ÝÑ E ÝÑ 0,
wherem “ dimpΓpX , Eprqqq. Let h1 be the Hilbert polynomial of G, and
let DQuotX ,h1 be the derived enhancement of SubpX , p
À
1ďiďm
OX qp´rq, h
1q
as described in the previous sub-section.
Differential graded schemes, like DQuotX ,h1, form a category dgSchC
([7] §2). Morphisms in this category are pairs:
pΦ, φq : pS1,O
‚
S1
q ÝÑ pS2,O
‚
S2
q,
where Φ: S1 Ñ S2 is a map between topological spaces and φ : Φ
´1pO‚S2q Ñ
O‚S1 is a morphism between sheaves of dg algebras, s.t. it induces a mor-
phism between the underlying classical schemes
pΦ, φq : pS1,H
0pO‚S1qq ÝÑ pS2,H
0pO‚S2qq,
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where S Ď S is the subscheme given by the ideal dpO´1S q Ď O
0
S and
H˚pO‚Sq is the sheafification of the pre-sheaf of cohomologies. A pair
pΦ, φq is a weak equivalence, if Φ is a homeomorphism, and φ induces
isomorphisms
@n ď 0 HnpΦ´1pO‚S2qq
–
ÝÑ HnpO‚S1q.
Presence of the sub-category of weak equivalence leads to a simplicial
enrichment of dgSchC ([10], [11], [12]) that we will denote by dgSchC.
There are several equivalent ways to compute the simplicial sets of
maps in this enrichment, we choose the hammock localization ([11]
§2).
Let S be a dg scheme, then MapdgSchCpS,DQuotX ,h1q is defined to
be the set of hammocks ([11] p. 19) from S to DQuotX ,h1. Here is
a brief description of this construction. Since the goal is to compute
the simplicial localization, where we invert weak equivalences, a 0-
simplex in a mapping space is a chain of morphisms with alternating
directions, s.t. when a morphism points in “the wrong direction”, it has
to be a weak equivalence. A 1-simplex between such 0-simplices will be
“a ladder”, where the sides are 0-simplices, and the “steps” are weak
equivalences. A 2-simplex would be a chain of such 1-simplices, and so
on. In general such diagrams look like hammocks, with strains being 0-
simplices in the simplicial localization, and the connecting maps being
weak equivalences. The width of a hammock equals the simplicial
dimension, and the length can be arbitrary. We would like to connect
hammocks to the values of the functor MA‚ from Def. 2.
By construction we have a morphism rG ÝÑ rF of sheaves of dg mod-
ules on DQuotX ,h1ˆX , where rF is weakly equivalent to the pullback of
p
À
1ďiďm
OX qp´rq to DQuotX ,h1 ˆX , and rG corresponds to the universal
family of sub-sheaves having h1 as their Hilbert polynomial. Both rG
and rF are perfect complexes, so taking the cone of rG ÝÑ rF we obtain
a perfect complex rE on DQuotX ,h1ˆX . We would like to see what hap-
pens to rE when we pull it back to S ˆ X over a hammock. Consider
the following diagram, which we call an interlaced hammock :
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S S0,0 S0,0 S0,1 S0,1 S0,2 S0,2 DQuotX ,h1
S S1,0 S1,0 S1,1 S1,1 S1,2 S1,2 DQuotX ,h1
S S2,0 S2,0 S2,1 S2,1 S2,2 S2,2 DQuotX ,h1
Here the diagram of solid single arrows is an example of the usual
hammocks in dgSchC, it is interlaced because we have inserted columns
of identity maps. We would like to consider this hammock as being
over X , i.e. we take the direct product of X with each object in the
hammock, and each single solid arrow acts trivially on X .
Having added the X factor, we can view rE as a sheaf on the right-
most object in the hammock. The dotted arrows denote the operation
that we perform with rE : if the direction of the dotted arrow agrees
with that of the solid one, it is a push-forward, otherwise it is a pull-
back.6 The double arrows denote the natural transformations between
two possible dotted paths: the co-unit of the adjunction from a push-
forward followed by a pull-back, and the unit of the adjunction for the
other ordering.
By definition of hammocks vertical solid arrows are weak equiva-
lences of dg schemes. Therefore each of the double arrows is a weak
equivalence between sheaves of dg modules. Composing the three dou-
ble arrows in each row we obtain two weak equivalences between the
three pull-backs / push-forwards of rE from DQuotX ,h1ˆX to SˆX given
by following the three horizontal solid lines. These two weak equiva-
lences constitute a 2-simplex in the nerve of the category PerfpS ˆ X qw
of weak equivalences between perfect complexes on S ˆ X .
Notice, however, that the 2-simplex in PerfpS ˆ X qw, corresponding
to the hammock above, has the opposite orientation. In other words,
the weak equivalences go from the pull-back along the bottom line to
the pull-back along the top line. Let p´q_ denote the front-to-back
duality functor on simplicial sets ([34] §8.2.10). We have thus defined
a natural map
MapdgSchCpS,DQuotX ,h1q ÝÑ pN pPerfpS ˆ X qwqq
_,
6By default all of our constructions, in particular pull-backs and push-forwards,
are derived.
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where N p´q is the nerve construction. Since X is smooth and proper
the dualizing functor preserves perfect complexes, and hence it defines
a contra-variant auto-equivalence on PerfpX q (e.g. The Stacks Project
Lemma 46.2.4), i.e. we have a natural equivalence
pN pPerfpS ˆ X qqq_
»
ÝÑ N pPerfpS ˆ X qq.
Now we can relate DQuotX ,h1 to the moduli functors considered in
Sections 1.2 and 2.2. Recall that an affine derived scheme is given by a
differential non-positively graded C-algebra. For each such C‚ we have
a canonical dg scheme SpecpC‚q, obtained by taking spectrum of the
degree 0 component and constructing a sheaf of dg algebras out of C‚.
Therefore we can define a functor
DQuotX ,h1 : DAlgC ÝÑ SSet, C
‚ ÞÑ MapdgSchCpSpecpC
‚q,DQuotX ,h1q,
We have chosen a compact generator G for the category of quasi-
coherent sheaves on X , and hence obtained a weak equivalence be-
tween the dg categories of quasi-coherent sheaves on X and right dg
A‚-modules, where A‚ is the algebra of endomorphisms of G.
We will use the same G to denote the pullback of this compact gen-
erator to S ˆ X . Then any perfect complex on S ˆ X defines a sheaf
of right A‚ b O‚S-modules. A weak equivalence between such perfect
complexes gives then a weak equivalence between the corresponding
sheaves of A‚ b O‚S -modules. Altogether, using the interlaced ham-
mocks above and the dualizing complex on X , we obtain a natural
transformation
(11) DQuotX ,h1 ÝÑ MA‚.
The standard construction of DQuot that we have used relies on
choosing a presentation (10). There is the obvious action of GLpm,Cq
on the middle term of (10) that induces an action on DQuotX ,h1 and
hence on DQuotX ,h1, since the latter is represented by the former.
Taking the bar-construction corresponding to the action of GLpm,Cq
on DQuotX ,h1 we obtain a pre-sheaf of bi-simplicial sets on DAff. Tak-
ing the diagonals we obtain a pre-sheaf of simplicial sets, that we denote
by MX ,h1, and call it the h-locus in the moduli stack of perfect com-
plexes on X . We would like to show that (11) factors through MX ,h1 .
The action of a g P GLpm,Cq gives us the pullback g˚prEq and an
isomorphism γ : g˚prEq »ÝÑ rE on DQuotX ,h1 ˆX . For any n P Zě0 let n
be the corresponding ordinal, considered as a category with morphisms
going from smaller to larger elements. Then, viewing GLpm,Cq as a
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groupoid with one object, every functor nÑ GLpm,Cq gives us a func-
tor nÑ PerfpDQuotX ,h1 ˆ X qw, albeit with the opposite orientation.
The correspondence between hammocks S Ñ DQuotX ,h1 and sim-
plices in N pPerfpS ˆ X qwq is given by natural transformations. There-
fore, to every nÑ GLpm,Cq and every k-hammock S Ñ DQuotX ,h1 we
can associate a functor nˆk Ñ pPerfpS ˆ X qwq
op, such that this corre-
spondence preserves bi-simplicial identities. Using the duality functor
on PerfpS ˆ X q we obtain a map of bi-simplicial sets
tGLpm,Cqˆ
n
ˆMappS,DQuotX ,h1quně0 ÝÑ tHompnˆk,PerfpS ˆ X qwqun,kě0,
and taking the diagonals we get the desired factorization of (11):
(12) MX ,h1 ÝÑ MA‚.
4. Shifted symplectic structure
In this section we show that the morphism (12) from the derived
Quot-stack MX ,h1 to the Toe¨n–Vaquie´ moduli functor is formally e´tale,
and hence, in the case X is a Calabi–Yau manifold, induces a shifted
symplectic structure on MX ,h1.
4.1. Tangent complexes. Here we look at the infinitesimal properties
of the morphsms
(13) MX ,h1 ÝÑ MA‚ ÝÑ MA‚.
Recall that MX ,h1 is the h-locus within the moduli stack of coherent
sheaves on X as defined in Section 3.3 using the derived Quot-scheme
construction; MA‚ maps a dg C-algebra C
‚ to the nerve of the category
of weak equivalences between perfect A‚ b pC‚qop-modules (A‚ is the
dg ring of endomorphisms of a generating bundle on X ) assuming some
cofibrancy condition; and finally MA‚ is a reformulation of the moduli
functor of perfect complexes on X according to [30].
To investigate infinitesimal properties of stacks one can begin with
functors of derivations ([31] Def. 1.4.1.4). In case these functors are
representable by one dg complex this complex is called the contangent
complex of the stack ([31] Def. 1.4.1.5), and a morphism of stacks is
formally e´tale, if it induces a weak equivalence of contangent complexes.
Alternatively we can encode the infinitesimal information of a stack in
the tangent complex instead of the cotangent one. By definition the
former is the linear dual of the latter ([31] Def. 1.4.1.5).
Lemma 1. The morphism MA‚ ÝÑMA‚ is formally e´tale.
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Proof. According to [30] Cor. 3.29 the stack MA‚ has a cotangent com-
plex, and cohomology of the tangent complex at a C-point that cor-
responds to a perfect complex P‚ is Ext‚pP‚,P‚qr1s. On the other
hand restriction of MA‚ to dg Artinian rings can be described by the
usual deformation theory (e.g. [14]) and the tangent complex at the
geometric point is the usual dg Lie algebra of symmetries of P‚, i.e. its
cohomology is again Ext‚pP‚,P‚qr1s.
So it is enough to show that the morphism of tangent complexes
induced by MA‚ ÝÑ MA‚ is injective on cohomology. For each k P
Zě0 let ǫk denote the 1-dimensional C-space concentrated in degree
´k. Extending C by these spaces we obtain spaces of derivations
DerP‚pMA‚ , ǫkq ([31] Def. 1.4.1.4). These are simplicial abelian groups
and the homotopy groups tπnpDerP‚pMA‚, ǫkqquk,nPZě0 contain all co-
homology groups of the tangent complex of MA‚ at P
‚. Similarly for
MA‚ . Now we can use Proposition 2 to conclude that the morphism
of tangent complexes at P‚ induced by MA‚ ÝÑ MA‚ is injective on
cohomology. 
A C-point in MX ,h1 is given by a sub-sheaf G Ď p
À
1ďiďm
OX qp´rq.
Considering this as a point in SubpX , p
À
1ďiďm
OX qp´rq, h
1q we know
that cohomology groups of the tangent complex are Ext‚pG, Eq where
E :“ p
À
1ďiďm
OX qp´rq{G ([7] Thm. 4.3.2). Dividing by GLpm,Cq we
obtain that cohomology groups of the tangent complex of MX ,h1 are
Ext‚pE , Eqr1s.
Lemma 2. The morphism MX ,h1 ÝÑ MA‚ is formally e´tale.
Proof. We have just seen that the tangent complexes of the two stacks
at any given C-point G have isomorphic cohomologies. The statement
of this lemma is about the infinitesimal properties of the morphism
MX ,h1 ÝÑ MA‚ . We are going to show that it induces a surjective
morphism between cohomology groups of the tangent complexes.
This morphism is given by pulling back and pushing forward along
all possible hammocks connecting a given derived scheme SpecpC‚q and
DQuotX ,h1 . Recall that we pull back and push forward not only the sub-
sheaves of p
À
1ďiďm
OX qp´rq but also isomorphisms between those, given
by automorphisms of p
À
1ďiďm
OX qp´rq. This immediately implies that
the morphism between degree ´1 cohomology groups of the tangent
complexes induced by MX ,h1 ÝÑMA‚ is surjective.
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For k P Zě0 the k-th cohomology of the tangent complex of MA‚ is
isomorphic to π0pMA‚pSpecpCrǫksqqGq where ǫk is a 1-dimensional C-
space in degree ´k as in the proof of Lemma 1, and the subscript G
means taking the fiber of
MA‚pSpecpCrǫksqq ÑMA‚pSpecpCqq
over G. Similarly for MX ,h1. Realizing MA‚ as a deformation functor
equips the set π0pMA‚pSpecpCrǫksqqGq with a very clear interpretation:
this is the set of equivalence classes of infinitesimal deformations of
p
À
1ďiďm
OX qp´rq{G along a parameter of degree ´k.
Since DQuotX ,h1 parameterizes all possible A8-deformations of G,
it is clear that for every element of π0pMA‚pSpecpCrǫksqqGq there is
a representative, that is obtained by pulling back over a morphism
SpecpCrǫksq Ñ DQuotX ,h1, which we can consider as a (one-string)
hammock. Thus we see that also in the non-negative degrees the map
on tangent complexes induced by MX ,h1 ÝÑ MA‚ is surjective. 
Altogether we have the following
Theorem 1. The morphism MX ,h1 ÑMA‚ constructed in Section 3.3
is formally e´tale.
4.2. Shifted symplectic structure. In [22] Thm. 2.12 it is shown
that the stack Perf of perfect complexes carries a 2-shifted symplec-
tic structure. In Thm. 2.5 and on page 311 in loc. cit. it is proved
that, assuming X is a Calabi–Yau manifold of dimension n, the stack
MLpX qpe »MA‚ is equipped with a 2´ n-shifted symplectic structure.
First recall the definition of shifted symplectic forms ([22] §1, [6]
§5.1, 5.2): for any dg C-algebra C‚ and any map φ : SpecpC‚q Ñ MA‚
we have the cotangent complex pLMA‚ ,φ, δq, which is a dg C
‚-module.
Moreover, we can form the de Rham complex p
ś
kě1
Źk
LMA‚ ,φ, ddRq.
Then a d-shifted symplectic form on φ is given by a series ω “
ř
kě2
ωk Pś
kě1
Źk
LMA‚ ,φ, where ωk P
Źk
LMA‚ ,φ, deg ωk “ d´ pk ´ 2q, subject to
the conditions of being closed and non-degenerate.
Being closed means that ω is a cocycle with respect to ddR ` δ and
being non-degenerate means that ω2 defines a weak equivalence from
the linear dual of LMA‚ ,φ to LMA‚ ,φ. Two such symplectic forms are
equivalent, if they differ by a ddR`δ-coboundary, and there is an affine
space of such equivalences modeled on the space of ddR ` δ-cocycles of
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degree d ´ 1. Naturally the space of degree d ´ 2 cocycles provides a
space of equivalences between equivalences and so forth.
To define d-shifted symplectic forms globally on MA‚ one first con-
structs the stack of closed forms ([22] Prop. 1.11) and then defines a
map into it from MA‚ ([22] Def. 1.12). Then it is obvious that closed
d-shifted forms can be pulled back over a morphism of stacks. In par-
ticular, if we start with a Calabi–Yau manifold X of dimension n, we
obtain a 2 ´ n-shifted symplectic form on MX ,h1 by pulling back over
the morphism MX ,h1 ÝÑ MA‚ .
We have shown that MX ,h1 ÝÑ MA‚ is formally e´tale (Thm. 1),
i.e. the corresponding morphisms between tangent and cotangent com-
plexes are weak equivalences. Then, since weak equivalences compose
to weak equivalences, we immediately obtain the following
Theorem 2. Let X be a Calabi–Yau manifold of dimension n, h P
Qrts, and let MX ,h1 be the corresponding derived Quot-stack. There is
a 2 ´ n-shifted symplectic form on MX ,h1 obtained by pulling back the
2´n-shifted symplectic form on the moduli functor of perfect complexes
on X .
Proof. As we have noted above one can pull back a differential form over
a morphism of stacks. Moreover, the property of being de Rham closed
is preserved by such pull-backs. Therefore the morphism MX ,h1 ÝÑ
MA‚ immediately gives us a de Rham closed 2-form of degree 2´ n on
MX ,h1.
It remains to check that this form is non-degenerate. This is local
question, and can be checked at every closed point p of MX ,h1 sepa-
rately. There we have a commutative diagram
pLM
X ,h1 ,p
q1 //

LM
X ,h1 ,p
pLMA‚ ,pq
1 // LMA‚ ,p,
OO
where p´q1 stands for taking the linear dual, the vertical arrows come
from MX ,h1 ÝÑ MA‚ , and the horizontal arrows are given by the free
term of the symplectic form on MA‚ and of its pull-back to MX ,h1. We
know that the bottom horizontal arrow is a weak equivalence and Thm.
1 tells us the same about the vertical arrows. 
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